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Abstrat
A form of mixing matrix for three ative and three sterile, onventional Majorana
neutrinos is proposed. Its Majorana lefthanded part arises from the popular bimaximal
mixing matrix for three ative neutrinos that works satisfatorily in solar and atmospheri
experiments if the LSND eet is ignored. One of three sterile neutrinos, eetive in the
Majorana righthanded and Dira parts of the proposed mixing matrix, is responsible
perturbatively for the possible LSND eet by induing one of three extra neutrino mass
states to exist atively. The orresponding form of neutrino mass matrix is derived.
If all three extra neutrino mass states get vanishing masses, the neutrino mass matrix
is dominated by its spei Majorana lefthanded part. Then, the observed qualitative
dierene between mixings of neutrinos and down quarks may be onneted with this
Majorana lefthanded dominane realized for neutrinos.
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1. Introdution
Although the reent experimental results for atmospheri νµ's as well as solar νe's
are in favour of exluding the hypothetial sterile neutrinos from neutrino osillations
[1℄, the problem of the third neutrino mass dierene manifested in the possible LSND
eet for aelerator νµ's still exists [2℄, implying a further disussion on mixing of sterile
neutrinos with three ative avors νe , νµ , ντ . In the present note we ontribute to this
disussion by onstruting a partiular 6 × 6 texture involving three ative and three
sterile, onventional Majorana neutrinos. The onstrution extends (or rather adapts)
the familiar bimaximal 3 × 3 texture [3℄ working in a satisfatory way for three ative
neutrinos in solar and atmospheri experiments if the LSND eet is ignored. Then, one
of three sterile neutrinos is responsible perturbatively [4℄ for the possible LSND eet by
induing one of three extra neutrino mass states to exist atively.
As is well known, three sterile Majorana neutrinos
ν(s)α = ναR + (ναR)
c (α = e , µ , τ) (1)
an be always onstruted in addition to three ative Majorana neutrinos
ν(a)α = ναL + (ναL)
c (α = e , µ , τ) (2)
if there are righthanded neutrino states ναR beside their familiar lefthanded partners
ναL partiipating in Standard Model gauge interations [of ourse, ν
(a)
αL = ναL and ν
(s)
αL =
(ναR)
c
℄. Whether suh sterile neutrino states are physially realized depends on the atual
shape of the neutrino mass term whose generi form is
−Lmass = 1
2
∑
αβ
(ν
(a)
α , ν
(s)
α )

 M (L)αβ M (D)αβ
M
(D)∗
βα M
(R)
αβ



 ν(a)β
ν
(s)
β


=
1
2
∑
αβ
(
M
(D)
αβ +M
(D)∗
αβ
)
(ναL νβR + νβR ναL)
+
1
2
∑
αβ
M
(L)
αβ
[
ναL (νβL)
c + (ναL)c νβL
]
+
1
2
∑
αβ
M
(R)
αβ
[
ναR (νβR)
c + (ναR)c νβR
]
, (3)
1
whereM
(L,R)∗
βα = M
(L,R)
αβ , but M
(D)∗
βα 6= M (D)αβ in general. The 6× 6 neutrino mass matrix
M =
(
M (L) M (D)
M (D)† M (R)
)
(4)
appearing in Eq. (3) is hermitian, M † = M . Here, M (D,L,R) =
(
M
(D,L,R)
αβ
)
are 3 × 3
neutrino mass matries: Dira, Majorana lefthanded and Majorana righthanded, respe-
tively. Further on, for six neutrino avor states we will use the notation να ≡ ν(a)α and
ναs ≡ ν(s)α with α = e , µ , τ and then pass to να = νe , νµ , ντ , νes , νµs , ντs where α =
e , µ , τ , es , µs , τs. Six neutrino mass states will be denoted as νi = ν1 , ν2, ν3 , ν4 , ν5 , ν6
where i = 1 , 2 , 3 , 4 , 5 , 6.
2. Proposal of a 6× 6 neutrino mixing matrix
Starting from the phenomenologially useful bimaximal mixing matrix for three ative
neutrinos [3,5℄
U (3) =


1√
2
1√
2
0
−1
2
1
2
1√
2
1
2
−1
2
1√
2

 , (5)
we propose the following form of the 6× 6 neutrino mixing matrix:
U =
(
U (3) 0
0 1(3)
)(
C S
−S C
)
=
(
U (3)C U (3)S
−S C
)
, (6)
where
C =


c1 0 0
0 c2 0
0 0 c3

 , S =


s1 0 0
0 s2 0
0 0 s3

 , 1(3) =


1 0 0
0 1 0
0 0 1

 (7)
with ci = cos θi ≥ 0 and si = sin θi ≥ 0 (i = 1, 2, 3). One may also denote s1 ≡ s14 , s2 ≡
s25 , s3 ≡ s36, while s12 = 1/
√
2 , s23 = 1/
√
2 , s13 = 0. Expliitly,
U = (Uαi) =


c1√
2
c2√
2
0 s1√
2
s2√
2
0
− c1
2
c2
2
c3√
2
−s1
2
s2
2
s3√
2
c1
2
− c2
2
c3√
2
s1
2
−s2
2
s3√
2
−s1 0 0 c1 0 0
0 −s2 0 0 c2 0
0 0 −s3 0 0 c3


, (8)
where α = e , µ , τ , es , µs , τs and i = 1 , 2, 3 , 4 , 5 , 6. The relation
2
να =
∑
i
Uαiνi (9)
desribes the mixing of six neutrinos.
In the representation where the mass matrix of three harged leptons e− , µ− , τ− is
diagonal, the 6×6 neutrino mixing matrix U is at the same time the diagonalizing matrix
for the 6× 6 neutrino mass matrix M = (Mαβ):
U †MU = diag(m1 , m2 , m3 , m4 , m5 , m6) , (10)
where we put m21 ≤ m22 ≤ m23 and either m23 ≤ m24 or m24 ≤ m21. Then, evidently,
Mαβ =
∑
i UαimiU
∗
iβ. From this formula, we obtain with the use of proposal (8) the
following partiular form of 6× 6 neutrino mass matrix (4):
M =
(
M (L) M (D)
M (D)† M (R)
)
= (Mαβ)
=


Mee Meµ −Meµ Mees Meµs 0
Meµ Mee +Mµτ Mµτ −Mees/
√
2 Meµs/
√
2 Mµτs
−Meµ Mµτ Mee +Mµτ Mees/
√
2 −Meµs/
√
2 Mµτs
Mees −Mees/
√
2 Mees/
√
2 Meses 0 0
Meµs Meµs/
√
2 −Meµs/
√
2 0 Mµsµs 0
0 Mµτs Mµτs 0 0 Mτsτs


,(11)
where
Mee =
1
2
(
c21m1 + c
2
2m2 + s
2
1m4 + s
2
2m5
)
,
Mµµ=Mττ =Mee +Mµτ =
1
4
(
c21m1 + c
2
2m2 + 2c
2
3m3 + s
2
1m4 + s
2
2m5 + 2s
2
3m6
)
,
Meµ = −Meτ = 1
2
√
2
(
−c21m1 + c22m2 − s21m4 + s22m5
)
,
Mµτ =
1
4
(
−c21m1− c22m2 + 2c23m3− s21m4− s22m5 + 2s23m6
)
(12)
and
1√
2
Mees = −Mµes = Mτes =
c1s1
2
(−m1 +m4) , Meses = s21m1 + c21m4 ,
1√
2
Meµs = Mµµs = −Mτµs =
c2s2
2
(−m2 +m5) , Mµsµs = s22m2 + c22m5 ,
Mµτs = Mττs =
c3s3√
2
(−m3 +m6) , Mτsτs = s23m3 + c23m6 , (13)
3
while
Meτs = 0 , Mesµs = Mesτs = Mµsτs = 0 (14)
(of ourse, Mαβ = Mβα for all α and β). Hene,
Mee −Meµ
√
2±Meses =
{
m1 +m4
(c21 − s21)(m1 −m4) ,
Mee +Meµ
√
2±Mµsµs =
{
m2 +m5
(c22 − s22)(m2 −m5) ,
Mµµ +Mµτ ±Mτsτs =
{
m3 +m6
(c23 − s23)(m3 −m6) , (15)
where Mµµ = Mee +Mµτ . After a simple alulation we get from Eqs. (15)
m1,4 =
Mee −Meµ
√
2 +Meses
2
±
√√√√(Mee −Meµ√2−Meses
2
)2
+ 2M2ees (16)
and analogial formulae for m2,5 and m3,6 (note that m1 > m4, but not always m4 > 0,
and similarly for m2,5 and m3,6).
In the 6×6 matrix (11) there are generally nine independent nonzero matrix elements.
If s2 = 0 and s3 = 0 (what implies omplete deoupling of two sterile neutrinos νµs and
ντs), this number is redued to seven. In this ase, Eqs. (13) and (15) give
Meµs = Mµµs = Mτµs = 0 , Mµτs = Mττs = 0 , Mµsµs = m5 , Mτsτs = m6 (17)
and
Mee +Meµ
√
2 = m2 , Mµµ +Mµτ = m3 , (18)
but the formulae (16) for m1 and m4 are not muh simplied (unless Mees = 0 i.e.,
c1s1 = 0). Then, from Eq. (11)
M (D) =


− c1s1√
2
(m1 −m4) 0 0
c1s1
2
(m1 −m4) 0 0
− c1s1
2
(m1 −m4) 0 0

 , M (R) =


s21m1 + c
2
1m4 0 0
0 m5 0
0 0 m6

 (19)
and M (L)ee = Mee =
1
2
(c21m1 + s
2
1m4 + m2), et. If c1 > s1
√
2 and s21m1 ≫ c21|m4| (i.e.,
m1 ≫ |m4|) and, in addition, m5 and m6 are vanishing, the texture is in a way of a type
4
opposite to the seesaw (now, symbolially (L) > (D) > (R) or even (L)≫ (D)≫ (R) if
c21 ≫ s21 and m4 = 0).
At any rate, the ative existene of extra massive neutrino ν4 (in addition to the
massive ν1 , ν2 , ν3) is indued by the sterile neutrino νes mixing with the ative νe , νµ , ντ .
Of ourse, two ompletely deoupled sterile neutrinos νµs and ντs (with s2 = 0 and s3 = 0)
indue trivially the passive existene of two massive neutrinos ν5 = νµs and ν6 = ντs with
masses m5 nad m6 whih, most naturally, ought to be put zero. However, another point
of view is not exluded that there is still a tiny mixing of νµs and ντs with the rest of
six neutrino avors, aused by spontaneously breaking a GUT symmetry at a high mass
sale and so, aompanied by large masses |m5| and |m6|. If instead of |m4| ≪ m1 there
is m1 ≪ |m4|, suh an inequality may be not so impressive as in the familiar see-saw
referring to the GUT mass sale: it may happen, for instane, that |m4| ∼ 1 eV and
m1 ∼ 10−4 eV; f. Eq. (33) as an alternative to the more natural Eq. (35).
3. Sixneutrino osillations
Due to mixing of six neutrino elds desribed by Eq. (9), neutrino states mix aording
to the relation
|να〉 =
∑
i
U∗αi|νi〉 . (20)
This implies the following familiar formulae for probabilities of neutrino osillations να →
νβ on the energy shell:
P (να → νβ) = |〈β|eiPL|α〉|2 = δβα − 4
∑
j>i
U∗βjUβiUαjU
∗
αi sin
2 xji , (21)
being valid if the quarti produt U∗βjUβiUαjU
∗
αi is real, what is ertainly true when the
tiny CP violation is ignored. Here,
xji = 1.27
∆m2jiL
E
, ∆m2ji = m
2
j −m2i (22)
with ∆m2ji, L and E measured in eV
2
, km and GeV, respetively (L and E denote the
experimental baseline and neutrino energy, while pi =
√
E2 −m2i ≃ E − m2i /2E are
eigenvalues of the neutrino momentum P ).
With the use of proposal (8) for the 6 × 6 neutrino mixing matrix and under the
assumption that s2 = 0 and s3 = 0 the osillation formulae (21) give
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P (νe → νe) = 1−c21 sin2x21−(c1s1)2 sin2x41−s21 sin2x42 ,
P (νµ→ νµ) = 1− c
2
1
4
sin2x21− c
2
1
2
sin2x31− (c1s1)
2
4
sin2x41−1
2
sin2x32− s
2
1
4
sin2x42− s
2
1
2
sin2x43
= P (ντ → ντ ) ,
P (νµ → νe) = c
2
1
2
sin2x21− (c1s1)
2
2
sin2x41+
s21
2
sin2x42=P (ντ → νe) ,
P (νµ → ντ ) = −c
2
1
4
sin2x21+
c21
2
sin2x31− (c1s1)
2
4
sin2x41+
1
2
sin2x32− s
2
1
4
sin2x42+
s21
2
sin2x43 ,
P (νµ→ νes) = (c1s1)2 sin2x41 =P (ντ → νes) ,
P (νe → νes) = 2(c1s1)2 sin2x41 ,
P (νes→ νes) = 1−4(c1s1)2 sin2x41 . (23)
Hene, the probability summation rules
P (νe → νe) + P (νe → νµ) + P (νe → ντ ) + P (νe → νes) = 1 ,
P (νµ → νe) + P (νµ → νµ) + P (νµ → ντ ) + P (νµ → νes) = 1 ,
P (ντ → νe) + P (ντ → νµ) + P (ντ → ντ ) + P (ντ → νes) = 1 ,
P (νes→ νe)+ P (νes→ νµ) + P (νes→ ντ )+ P (νes → νes) = 1 (24)
hold, as it should be, for two sterile neutrinos νµs and ντs are ompletely deoupled due
to s2 = 0 and s3 = 0.
With the onjeture that m21 ≃ m22, implying ∆m241 ≃ ∆m242 and ∆m231 ≃ ∆m232, the
rst three Eqs. (23) an be rewritten approximately as
P (νe → νe) ≃ 1− c21 sin2 x21 − (1 + c21)s21 sin2 x42 ,
P (νµ → νµ) ≃ 1− 1 + c
2
1
2
sin2 x32 − c
2
1
4
sin2 x21 − (1 + c
2
1)s
2
1
4
sin2 x42 − s
2
1
2
sin2 x43 ,
P (νµ → νe) ≃ c
2
1
2
sin2 x21 +
s41
2
sin2 x42 . (25)
If |∆m221| ≪ |∆m242| and
|∆m221| = ∆m2sol ∼ (10−5 or 10−7 or 10−10) eV2 (26)
6
(for LMA or LOW or VAC solar solution, respetively) [1℄, then under the onditions of
solar experiments the rst Eq. (25) gives
P (νe → νe)sol ≃ 1− c21 sin2(x21)sol −
(1 + c21)s
2
1
2
, c21 = sin
2 2θsol
<∼ 1 . (27)
If |∆m221| ≪ |∆m232| ≪ |∆m242| , |∆m243| and
|∆m232| = ∆m2atm ∼ 3.5× 10−3 eV2 , (28)
then for atmospheri experiments the seond Eq. (25) leads to
P (νµ → νµ)atm ≃ 1− 1 + c
2
1
2
sin2(x32)atm − (3 + c
2
1)s
2
1
8
,
1 + c21
2
= sin2 2θatm ∼ 1 . (29)
Eventually, if |∆m221| ≪ |∆m242| and
|∆m242| = ∆m2LSND ∼ 1 eV2 (e.g.) , (30)
then in the LSND experiment the third Eq. (25) implies
P (νµ → νe)LSND ≃ s
4
1
2
sin2(x42)LSND ,
s41
2
= sin2 2θLSND ∼ 10−2 (e.g.). (31)
Thus,
s21 ∼ 0.141 , c21 ∼ 0.859 ,
1 + c21
2
∼ 0.929 , (1 + c
2
1)s
2
1
2
∼ 0.131 , (3 + c
2
1)s
2
1
8
∼ 0.0682 ,
(32)
if the LNSD eet really exists and gets the amplitude s41/2 ∼ 10−2.
If the value c21 = sin
2 2θsol ∼ 0.8 or 0.9 or 0.7 (orresponding to LMA or LOW or VAC
solar solution, respetively) [1℄ is aepted, then the amplitudes sin2 2θatm = (1 + c
2
1)/2 ∼
0.9 or 0.95 or 0.85 and sin2 2θLSND = s
4
1/2 ∼ (2 or 0.5 or 4.5)×10−2 are predited for
atmospheri and LSND experiments.
Conluding, we an say that Eqs. (27), (29) and (31) are not inonsistent with solar,
atmospheri and LSND experiments, respetively. Note that in Eqs. (27) and (29) there
are onstant terms that modify moderately the usual twoavor formulae. The above
7
equations, valid for s2 = 0 and s3 = 0, follow from the rst three osillation formulae
(23), if either
m21 ≃ m22 ≪ m23 ≪ m24 (33)
with
m23 ≪ 1 eV2 , m24 ∼ 1 eV2 , ∆m221 ∼ (10−5 − 10−10) eV2 ≪ ∆m232 ∼ 10−3 eV2 (34)
or
m24 ≪ m21 ≃ m22 ≃ m23 (35)
with
m23 ∼ 1 eV2 , m24 ≪ 1 eV2 , ∆m221 ∼ (10−5 − 10−10) eV2 ≪ ∆m232 ∼ 10−3 eV2 . (36)
Here, we must have m22 ≪ m23 ≪ m24 ∼ 1 eV2 or m24 ≪ m22 ≃ m23 ∼ 1 eV2, sine
∆m232 ∼ 10−3 eV2 ≪ |∆m242| ∼ 1 eV2. The seond ase m24 ≪ m21 ≃ m22 ≃ m23 ∼ 1 eV2,
where the neutrino mass state ν4 indued by the sterile neutrino νes gets a vanishing mass,
seems to be more natural than the rst ase m21 ≃ m22 ≪ m23 ≪ m24 ∼ 1 eV2, where suh
a state gains a onsiderable amount of Majorana righthanded mass "for nothing". (This
is so, unless one believes in the liberal maxim "whatever is not forbidden is allowed": the
Majorana righthanded mass is not forbidden by the eletroweak SU(2)×U(1) symmetry,
in ontrast to Majorana lefthanded and Dira masses requiring this symmetry to be bro-
ken, say, by a ombined Higgs mehanism that beomes then the origin of these masses.)
In the seond ase if, in addition, the masses m5 and m6 onneted with two deoupled
sterile neutrinos are vanishing, the spei Majorana lefthanded mass matrix M (L) dom-
inates over the whole neutrino mass matrix M . Suh a Majorana lefthanded dominane
may be the reason, why neutrino mixing appears to be qualitatively dierent from the
more familiar down-quark mixing implied by the interplay of up- and down-quark Dira
mass matries. Note also that, when looking for too lose analogies between textures
8
of neutrinos and harged leptons, one fails to desribe adequately the observed neutrino
osillation eets (inluding the possible LSND eet) [6℄.
If s2 = s3 = 0 and m4 = m5 = m6 = 0, then writing m1 = m, m2 = m+ δm21 , m3 =
m+δm21+δm32 we an present the neutrino mass matrix (11) in the formM = M
(0)+δM ,
where
M (0) = m


1
2
(1 + c21)
1
2
√
2
s21 − 12√2 s21 − 1√2 c1s1 0 0
1
2
√
2
s21
1
4
(3 + c21)
1
4
s21
1
2
c1s1 0 0
− 1
2
√
2
s21
1
4
s21
1
4
(3 + c21) −12c1s1 0 0
− 1√
2
c1s1
1
2
c1s1 −12c1s1 s21 0 0
0 0 0 0 0 0
0 0 0 0 0 0


(37)
is slightly modied by
δM =


1
2
δm21
1
2
√
2
δm21 − 12√2 δm21 0 0 0
1
2
√
2
δm21
1
4
(3 δm21 + 2 δm32)
1
4
( δm21 + 2 δm32) 0 0 0
− 1
2
√
2
δm21
1
4
( δm21 + 2 δm32)
1
4
(3 δm21 + 2 δm32) 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


. (38)
In fat, δm21 ∼ mδm21/eV ≃ ∆m221/2eV ∼ 0.5× (10−5 or 10−7 or 10−10) eV and δm32 ∼
mδm32/eV ≃ ∆m232/2eV ∼ 1.5× 10−3 eV, while m ∼ 1 eV. In the formal limit of s1 → 0,
we obtain M (0) diagonal and degenerated in ative and sterile neutrinos separately,
M (0) → diag(m, m , m , 0 , 0 , 0) , (39)
and so, from Eqs. (10) and (8) we infer that
U † δMU → diag(0 , δm21 , δm21 + δm32 , 0 , 0 , 0) (40)
as U †M (0)U → diag(m, m , m , 0 , 0 , 0). Note from Eq. (8) that (with s2 = s3 =
0) in this limit we get bimaximal mixing matrix U in spite of the fat that in a good
approximation the mass matrix M ≃M (0) is diagonal (here, of ourse, the degeneray of
lims1→0M
(0)
in ative neutrinos works).
In the approximation used before to derive Eqs. (27), (29) and (31) there are true also
the relations
9
P (νe → νe)sol ≃ 1−P (νe → νµ)sol−P (νe → ντ )sol−(c1s1)2 , (c1s1)2 ∼ 0.121 ,
P (νµ→ νµ)atm ≃ 1− P (νµ → ντ )atm − (1 + c
2
1)s
2
1
4
,
(1 + c21)s
2
1
4
∼ 0.0654 , (41)
as well as
P (νµ → νe)LSND ≃ 1
2
(
s1
c1
)2
P (νµ → νes)LSND ,
1
2
(
s1
c1
)2
∼ 0.0824 . (42)
The seond relation (41) demonstrates a leading role of the appearane mode νµ → ντ in
the disappearane proess of atmospheri νµ's, while the relation (42) indiates a diret
interplay of the appearane modes νµ → νe and νµ → νes . In the ase of the rst relation
(41), both appearane modes νe → νµ and νe → ντ ontribute equally to the disappearane
proess of solar νe's, and the role of the appearane mode νe → νes (responsible for the
onstant term) is also onsiderable.
Finally, for the Chooz experiment [7℄, where (xji)Chooz ≃ (xji)atm for any ∆m2ji, the
rst Eq. (25) predits
P (ν¯e → ν¯e)Chooz ≃ P (ν¯e → ν¯e)atm ≃ 1− (1 + c
2
1)s
2
1
2
,
(1 + c21)s
2
1
2
∼ 0.131 , (43)
if there is the LSND eet with the amplitude s41/2 ∼ 10−2 as written in Eq. (31). Here,
(1+c21)s
2
1 sin
2(x42)Chooz ≃ (1+c21)s21/2. In terms of the usual twoavor formula, the Chooz
experiment exludes the disappearane proess of reator ν¯e's for moving sin
2 2θChooz
>∼
0.1, when the range of moving ∆m2Chooz
>∼ 3 × 10−3 eV2 is onsidered. In our ase
sin2 2θChooz ∼ (1 + c21)s21/2 for sin2 xChooz ∼ 1. Thus, the Chooz eet for reator ν¯e's
should appear at the edge (if the LSND eet really exists).
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